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Abstract:  26 
Due to uniform shrinkage along the radial direction, drying from both top and bottom surfaces has been 27 
recommended to replace drying from outer circumference surface in the restrained circular ring test to assess 28 
cracking tendency of concrete. However, non-uniform shrinkage along the height direction under drying 29 
conditions is significant, and its effect on crack initiation and propagation in a concrete ring is not clearly 30 
understood. To investigate the fracture mechanism of the restrained ring test under drying from top and bottom 31 
surfaces, three series of circular and elliptical ring specimens with heights of 30 mm, 50 mm and 75 mm are 32 
tested to measure the cracking ages. A fracture mechanics based numerical method is proposed by introducing 33 
fictitious crack model to simulate the fracture process and predict the cracking age of a concrete ring under 34 
restraint. The effects of ring geometric profile, specimen height and moisture gradient on crack development 35 
are discussed. The results indicate that, under drying from both top and bottom surfaces, crack initiates partly 36 
along the height direction at the inner circumference of a concrete ring, and propagates along the radial 37 
direction, one by one, until the crack propagated throughout the whole cross-section. The moisture gradient 38 
along the height direction has significant effect on the crack driving force, which is dominated by the moisture 39 
gradient and steel ring restraint near the exposed surface, whose proportion increases with the increase in 40 
distance from the exposed surface.  41 



















A1, A2, B1, B2 coefficients for moisture distribution 
D       distance from drying surface 
E         elastic modulus  
ft        splitting tensile strength 
Gf           fracture energy 
HEXPOSED  relative humidity at the exposed surface of the specimen 
HINTERNAL  internal relative humidity of the concrete specimen if it is completely sealed 
ini
ICK       initial fracture toughness 
S
IK    
stress intensity factor caused by the shrinkage effect 
S
I steelK   
stress intensity factor caused by steel restraint 
IK

   
stress intensity factor caused by the cohesive stress 
R0   inner radius of a circular concrete ring 
R1   major inner radius of the elliptical concrete ring 
R2   minor inner radius of the elliptical concrete ring 
t      age of concrete 
w   crack opening displacement 
w0   stress-free crack opening displacement 
ws displacement corresponding to the break point in the bilinear σ-w relationship 
Δ    length of horizontal initial crack 
σ     softening stress 
σs   
stress corresponding to the break point in the bilinear σ-w relationship 
1 Introduction 59 
Concrete is likely to experience shrinkage in response to cement hydration, temperature reduction and 60 
moisture dissipation in the process of maintenance, most notably at early ages. When the shrinkage is 61 
restrained, cracks initiate easily in concrete structures due to its low cracking resistance, resulting in low 62 
structure durability and significant maintenance costs [1]. Therefore, it is important to choose the appropriate 63 
laboratory test methods to assess the cracking tendency of concrete used in the field. So far, several test 64 
methods have been developed to assess cracking resistance of cementitious materials in the restrained 65 
condition, including restrained uniaxial test [2, 3], restrained slab test [4, 5], restrained beam test [6, 7], and 66 
restrained ring test [8-12]. Due to its relatively low cost and capacity of providing uniformity end restraint, the 67 
restrained ring test has been widely adopted over the other test methods for assessing cracking potential of 68 
concrete mixtures. 69 
To standardize the restrained ring test, American Association of State Highway and Transportation 70 
Officials (AASHTO) (i.e. AASHTO PP34-99: Standard Practice for Cracking Tendency Using a Ring Specimen) 71 
recommended a certain version of ring specimen: a 75 mm thick concrete ring restrained by a 12.5 mm thick 72 
steel ring and dried from its outer circumferential surface. It was reported that, in some cases, the circular ring 73 
specimen recommended by AASHTO did not provide enough degree of restraint to enable the concrete to 74 
crack early enough [13]. In addition, the cracks would occur at the outer circumference and propagate into 75 
inner circumference as a result of non-uniform shrinkage along the radial direction caused by the moisture 76 
gradient [14, 15]. It has been certified that for a 75 mm thick concrete ring specimen drying from the outer 77 
circumferential surface, shrinkage cracking is mainly due to self-restraint caused by non-uniform shrinkage of 78 
the concrete ring itself rather than by external restraint from the central restraining steel ring [16]. In this case, 79 
the ring test results could not be used to determine the cracking tendency of concrete under restrained 80 
condition. Therefore, the American Society for Testing Material (ASTM) (i.e. ASTM C1581/C1581M-09a: 81 
Standard Test Method for Determining Age at Cracking and Induced Tensile Stress Characteristics of Mortar 82 
and Concrete under Restrained Shrinkage) suggested an improved ring specimen in which the thickness of 83 
concrete was reduced from 75 mm to 37.5 mm. Such improvement increases the relative restraint capacity of a 84 
steel ring, i.e. the external restrain, accelerates the occurrence of the first crack [17] and partly reduces 85 
non-uniform shrinkage along the radial direction. Radlinska et al. [18, 19] carried out numerous restrained ring 86 
tests following the ASTM standard to assess its accuracy and repeatability. The relatively small standard 87 
deviations in strain measurements indicated that the test method recommended by ASTM is reliable for 88 
ascertaining cracking susceptibility of cementitious systems. It is widely accepted that the minimum specimen 89 
size should be three times larger than the maximum aggregate size to ensure homogeneous concrete mixture. 90 
In the case of concrete mixture with larger aggregate sizes (such as 15 mm or 20 mm), the 37.5 mm thick 91 
concrete ring cannot meet this requirement [17]. 92 
Since it is hard to assess the cracking tendency of concrete ring specimens containing larger aggregates 93 
and drying from outer circumference under restrained shrinkage, the ring specimen drying from top and bottom 94 
surfaces was adopted [15, 17, 20-22]. The most significant advantage to allow drying from the top and bottom 95 
surfaces is that moisture diffuses simultaneously from two symmetrically exposed surfaces so that the moisture 96 
diffusion distance is the half of specimen height. It allows a concrete ring to be sufficiently thick to enable larger 97 
aggregates to be used. However, it should be noted that drying from top and bottom surfaces results in uniform 98 
shrinkage along the radial direction, but non-uniform shrinkage along the height direction. For a concrete ring 99 
with a small height (e.g. 30 mm), the moisture gradient and non-uniform shrinkage along its height direction 100 
can be neglected, and the uniform shrinkage assumption can be employed approximately [21, 22]. However, 101 
with the increase of specimen height, the moisture gradient along the height direction becomes more 102 
significant, which makes the shrinkage at the exposed surfaces obviously greater than that at the inner surface. 103 
Particularly, the non-uniform shrinkage along the height affects the crack initiation position and propagation 104 
direction in concrete. Further, it is difficult to define the crack status when the sudden decrease in the strain of 105 
the steel ring occurs in the ring test subject to drying from top and bottom surfaces. Aiming to determine the 106 
influence of the moisture gradient on the degree of restraint, Moon et al. [17] used numerical method to analyze 107 
the stress and strain distributions along the height direction of a 75 mm tall ring specimen under drying from top 108 
and bottom surfaces. However, to the best of the authors’ knowledge, the crack initiation and propagation 109 
process in a concrete ring under drying from the top and bottom surfaces has not been reported. From the 110 
practical point of view, it is significant to have a better understanding of the failure mechanism of concrete, so 111 
that the ring test subject to top and bottom surfaces drying can be more effectively used in the assessment of 112 
cracking tendency of concrete with larger aggregates. 113 
In addition, two analytical methods used in previous study to investigate the failure mechanism of a 114 
concrete ring in restrained ring test are the stress-based method [13, 20, 23] and the R-curve-based method 115 
[21-25], respectively. The advantage of the stress-based method is that the classical elastic theory can be 116 
employed to calculate the residual stress in concrete. It is convenient to develop the analytical formulas to 117 
calculate the stress distribution in a concrete ring. The R-curve method based on nonlinear elastic fracture 118 
mechanics was also used to interpret cracking of concrete in the ring test, which has been certified in the 119 
determination of critical crack propagation status. However, considering concrete as quasi-brittle material, 120 
there are three distinguished stages in the crack propagation process, i.e. crack initiation, stable propagation 121 
and unstable propagation [26]. Particularly, the crack propagation in a concrete ring becomes more 122 
complicated when the non-uniform shrinkage along the ring height is considered. In order to simulate the whole 123 
crack propagation process, the nonlinear fracture theory combined with fictitious crack mode would be more 124 
appropriate, because the nonlinear cohesive characteristic of concrete can be taken into account in this 125 
method [27]. 126 
Recently, the novel elliptical ring geometry [25, 28-30] was proposed as a supplement to the traditional 127 
circular ring geometry in the ring test, which can increase the restrained degree to concrete and accelerate the 128 
first crack occurrence. In addition, due to the influence of the elliptical geometry, the first crack usually occurs 129 
near major axis in an elliptical ring specimen, which is conveniently observed in the elliptical ring test. In order 130 
to investigate the fracture mechanics in the circular and elliptical rings under drying from the top and bottom 131 
surfaces, a nonlinear fracture mechanics-based method is developed in this research to simulate the restrained 132 
shrinkage effect on concrete and investigate the crack propagation process. The effect of non-uniform 133 
shrinkage along the height direction on fracture process is discussed through investigating circular and elliptical 134 
concrete rings with three heights, i.e. 30 mm, 50 mm and 75 mm. It is expected that the research conducted in 135 
this paper can reveal the failure mechanism in the ring test subject to drying from top and bottom surfaces, so 136 
that the circular and elliptical tests can be reasonably chosen in the assessment of cracking tendency for 137 
concrete with larger aggregates. 138 
 139 
2 Experimental Programme 140 
The basic mechanical properties, fracture properties and free shrinkage were investigated by conducting 141 
circular/elliptical ring tests in this study. The mix proportions for the concrete used in experiment were 142 
1:1.5:1.5:0.5 (cement: sand: aggregate: water) by weight. The maximum size of the aggregate was 10 mm. 143 
After curing in normal laboratory environment for 24 h, the specimens were demoulded and moved into an 144 
environment chamber with 23℃ and 50% relative humidity (RH) for curing until the designated age of testing 145 
or cracking in cases of the ring test. 146 
2.1 Tests on mechanical and fracture properties of concrete 147 
Mechanical and fracture properties, including elastic modulus E, splitting tensile strength ft, fracture energy 148 
Gf, and initial fracture toughness 
ini
ICK , of concrete used in this study were measured at 1, 3, 5, 7, 14, 21 and 149 
28 days respectively. Experimental data at various ages were fitted to continuous functions by regression 150 
analyses, which estimated the age-dependent relationships from 1 to 28 days (see Eqs. (1) to (4)). Here, t is 151 
the age of concrete in days.  152 
  213.8973 0.4 0.0056E t t t        ( 28 days)t                          (1) 153 
      1.224 0.44 ln 0.0318tf t t    ( 2 8  d a y s )t                          (2) 154 
   41.39 10.35 ln 0.326fG t t       ( 2 8  d a y s )t                          (3) 155 
 ( ) 0.301 0.26 ln 0.272iniICK t t        ( 2 8  d a y s )t                          (4) 156 
The correlation coefficients of the above regression analyses are 0.926, 0.956, 0.872 and 0.947, 157 
respectively, which indicates that relevant concrete material properties at early ages can be determined from 158 
above equations with high accuracy. 159 
2.2 Restrained circular/elliptical ring tests 160 
In order to investigate the influence of non-uniform shrinkage along the height direction on fracture 161 
process of concrete in the ring test, three series of restrained ring specimens with different heights (30 mm, 50 162 
mm and 75 mm) were tested in this study. For each series of ring specimens, two geometric profiles, i.e. 163 
circular and elliptical rings, were investigated in parallel to monitor the cracking ages of concrete. 164 
The diagrams of the three series of ring specimens with different heights are shown as Fig. 1. 165 
                       166 
(a) Plan views of circular and elliptical          (b) Cross-section views of ring specimens with 167 
       ring specimens                             30 mm, 50 mm and 75 mm heights 168 
Fig. 1. Diagrams of ring specimens. 169 
The inner radius of a circular concrete ring is denoted as R0, and the major and minor inner radii of an 170 
elliptical concrete ring are denoted as R1 and R2, respectively. According to previous research [29], the elliptical 171 
ring geometry with R1/R2 between 2 and 3 is the most effective in providing a high degree of restraint to initiate 172 
early concrete cracking. Therefore, for the ring specimens tested in this study, R0 and R1 were chosen as 150 173 
mm, and R2 was chosen as 75 mm (i.e., R0 = R1 = 2R2 = 150 mm). The thicknesses of concrete and steel rings 174 
were set as 75 mm and 12.5 mm, respectively, as recommended by AASHTO T334-08. 175 
After demolding, the circular and elliptical ring specimens were sealed with double-layer aluminum tape on 176 
their outer circumferential surfaces immediately to allow drying from their top and bottom surfaces only. Then 177 
four strain gauges were attached to the inner surface of the steel ring. The ring specimens were moved into a 178 
standard curing chamber with 23℃ and 50% RH (see Fig. 2). Finally, a data acquisition system was connected 179 
to record the strain of the central steel ring. The age corresponding to the first crack formation in concrete can 180 
be determined by the sudden drop of the recorded strain of the steel ring. Four specimens were prepared for 181 
each condition, and the average cracking ages are listed in Table 1. 182 
    183 
(a) Standard curing chamber                (b) Circular and elliptical ring specimens 184 
Fig. 2. Instrumented ring test set-up. 185 
Table 1. Average cracking ages in days obtained from experiment. 186 
Ring geometric profile 
Concrete ring height 
30 mm 50 mm 75 mm 
Circular 19 24 -- 
Elliptical 14 21 -- 
It can be seen from the experimental results in Table 1, under drying from top and bottom surfaces, the 187 
ring specimen height has significant effects on its cracking age. For circular and elliptical rings, the cracking 188 
ages were delayed by 5 days and 7 days, respectively, when the height of the ring specimens increased from 189 
30mm to 50 mm. However, in the case of 75 mm height, no cracks were observed in both circular and elliptical 190 
rings during the monitoring period of 28 days. In addition, elliptical ring specimens cracked much earlier than 191 
circular ring specimens with the height of 30 mm or 50 mm. It indicates that, compared with the circular ring, the 192 
elliptical profile can provide higher degree of restraint under drying from top and bottom surfaces.  193 
2.3 Free shrinkage concrete prism tests 194 
To reflect the free shrinkage characteristics of concrete ring specimens described in section 2.2, three 195 
series of free shrinkage prism tests with specimen sizes of 300 mm × 75 mm × 30 mm, 300 mm × 75 mm × 50 196 
mm and 300 mm × 75 mm × 75 mm were conducted to measure free shrinkage strain of concrete. In all the 197 
three series of prismatic specimens, 300 mm is the length of the specimens. Two kinds of drying conditions 198 
were adopted in the free shrinkage prism tests (see Fig. 3(a)). In the case of the first drying condition, the 199 
prismatic specimens were dried from the two exposed 300 mm × 75 mm surfaces symmetrically, while the 200 
other surfaces were sealed by double-layer aluminum tapes. In the case of the second drying condition, the 201 
prismatic specimens with all surfaces sealed were tested to measure shrinkage strain caused by autogenous 202 
shrinkage. The magnitudes of free shrinkage were measured by using mechanical dial gauges (see Fig. 3(b)) 203 
and the deformation was recorded twice a day at regular base. By fitting the measured data, free shrinkage 204 
strains at different ages can be derived, which are graphically presented in Fig. 4. 205 
           206 
(a) Three series of prism specimens with two drying conditions            (b) Test setup 207 
Fig. 3. Free shrinkage tests. 208 























 30 mm-all surfaces sealed
 50 mm-all surfaces sealed
 75 mm-all surfaces sealed
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 50 mm-two surfaces exposed 
 70 mm-two surfaces exposed
 209 
Fig. 4. Shrinkage strains of prism specimens in free shrinkage tests. 210 
3 Numerical Simulations 211 
Based on the experimental results, under drying from top and bottom surfaces, the specimen height has 212 
significant influence on the cracking age for both circular and elliptical ring profiles. This phenomenon 213 
happened for two reasons: (1) different ratios of the exposed area to volume (A/V) for different specimen 214 
heights affect the magnitude of shrinkage of concrete; and (2) the non-uniform shrinkage along the specimen 215 
height direction results in the bending effect in concrete. Particularly, the non-uniform shrinkage affects the 216 
crack initiation and propagation in concrete and makes the fracture mechanism in the ring test more complex. 217 
As a result, it is difficult to define the cracking state of concrete corresponding to the observed strain drop in the 218 
steel ring from the experiment. Therefore, it is necessary to investigate the influence of non-uniform shrinkage 219 
of concrete along the height direction on crack initiation and propagation, and clearly elucidate the fracture 220 
mechanism in the ring test under drying from top and bottom surfaces. 221 
In this study, numerical analyses were carried out using ANSYS finite element software to investigate the 222 
fracture process for circular and elliptical rings with various heights under drying from top and bottom surfaces. 223 
In the numerical simulations, the fictitious temperature field, derived from free shrinkage tests, was applied in 224 
the numerical model to simulate the shrinkage effect of concrete. The fracture mechanics method based on the 225 
fictitious crack model [27] was introduced to study the fracture process of the concrete ring. To simulate the 226 
non-uniform shrinkage along the specimen height direction, three-dimensional finite element modeling was 227 
established. Considering the symmetry of specimen geometry and drying condition, a specimen model was 228 
established for only a quarter of the ring to reduce calculation time consumption by imposing restrictions on the 229 
symmetry planes. 230 
3.1 Fracture model 231 
A fictitious crack model [27] was introduced in the fracture analysis to characterize the nonlinear property 232 
of concrete by applying a cohesive force on the fracture process zone (FPZ). The bilinear expression [31] for 233 
the softening stress (σ) and crack opening displacement (w) relationship for concrete was used in the 234 
numerical simulation, which is illustrated in Fig. 5. 235 
 236 
Fig. 5. Bilinear σ-w softening curve for concrete. 237 
According to the research of Peterson [31], 
s , sw  and 0w  can be determined as follows: 238 
  3s tf                                          (5) 239 
 0.8s f tw G f                                       (6) 240 
0 3.6 f tw G f                                       (7) 241 
where, 
0w  is the stress-free crack opening displacement and sw  and s  are the displacement and stress 242 
corresponding to the break point in the bilinear σ-w relationship, respectively. The σ-w relationship can be 243 
determined once fracture energy 
fG  and tensile strength tf  of concrete are given. 244 
A concrete crack propagation criterion based on the initial fracture toughness has been proposed and 245 
validated [32], which can determine the crack propagation during the whole fracture process of concrete [33]. In 246 
this study, this criterion was introduced to analyze crack initiation and propagation in the concrete rings subject 247 
to restrained shrinkage. This criterion can be described as following: a crack begins to propagate when the 248 
difference between the stress intensity factors (SIFs) caused by the shrinkage effect, S
IK , and by the cohesive 249 
stress, 
IK
 , exceeds the initial fracture toughness of concrete, ini
ICK . The criterion can be described as follows: 250 
S ini
I I ICK K K
  , crack does not propagate                            (8) 251 
S ini
I I ICK K K










I I ICK K K
  , crack propagates                                    (10) 253 
For any specific age, by applying the fictitious temperature field on concrete, the SIF S
IK  at the tip of the 254 
pre-crack can be calculated using the displacement extrapolation method. Further, the cohesive force can be 255 
derived from the bilinear σ-w relationship based on the crack opening displacement, and 
IK
  can be 256 
calculated accordingly. Thus, crack propagation status can be determined by comparing S
I IK K
  with iniICK . If 257 
Equation (10) is satisfied, cracks will propagate and a new numerical mode is established with a crack length 258 
increment of 2 mm. If not, the fictitious temperature field corresponding to the following day will be applied until 259 
the crack propagation condition is satisfied. It should be noted that all concrete material properties adopted in 260 
the numerical analyses are updated once a day. 261 
3.2 Fictitious temperature field 262 
In the restrained shrinkage ring test, concrete shrinkage is mainly caused by cement hydration 263 
(autogenous shrinkage) and moisture movement (drying shrinkage). Accordingly, for the ring specimen under 264 
drying from top and bottom surfaces, two fictitious temperature fields should be derived from the results of the 265 
free shrinkage tests to characterize shrinkage conditions: (1) uniform fictitious temperature field to characterize 266 
the autogenous shrinkage and (2) non-uniform fictitious temperature field to characterize the non-uniform 267 
drying shrinkage along the height direction. 268 
The uniform temperature field can be derived from the shrinkage strain of a prismatic specimen with all 269 
surfaces sealed by dividing it by the coefficient of thermal expansion, 10×10
-6
/℃. In this case, there is no 270 
moisture loss from the concrete specimen and the shrinkage strain is completely caused by cement hydration, 271 
i.e. autogenous shrinkage. For the non-uniform fictitious temperature field, it was assumed that it corresponds 272 
to the moisture distribution along the height direction of a ring specimen under drying from top and bottom 273 
surfaces. Based on the experimental investigations conducted by Weiss [34], the moisture distribution in a 274 
concrete specimen drying from a single surface at any position and at any age can be calculated by the 275 
following equation: 276 
 
( ln( ))2 1
1 2( )
, ( ) 10
B B D x
A D A t
D
INTERNAL INTERNAL EXPOSEDH x t H H H

  
    
 
                (11) 277 
where ( , )H x t  is the relative humidity at the depth x from the drying surface, HINTERNAL is the internal relative 278 
humidity of the concrete specimen if it is completely sealed (in this paper, HINTERNAL was assumed to be 100%), 279 
HEXPOSED is the relative humidity at the exposed surface of the specimen. The coefficients A1, A2, B1 and B2 in 280 
Eq. (11) were determined as 0.2007, -1.0455, 0.0865 and -0.9115, respectively. D is the distance from drying 281 
surface. According to Moon et al. [14], the relationship between the drying shrinkage and moisture distribution 282 
within a concrete element can be assumed as linear. Therefore, the moisture distribution along the height 283 
direction in three series of ring specimens with the heights of 30 mm, 50 mm and 75 mm can be determined 284 
based on Eq. (11). Accordingly, the non-uniform fictitious temperature field can be derived by introducing the 285 
coefficient of thermal expansion for concrete to calculate the drying shrinkage strain. The derived fictitious 286 
temperature fields applied in the numerical model at 1, 3, 7, 14, 21, 28 days for three specimen heights are 287 
illustrated in Fig. 6. 288 
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(a) 30 mm tall ring specimen                 (b) 50 mm tall ring specimen 290 
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 291 
(c) 75 mm tall ring specimen 292 
Fig. 6. Fictitious temperature fields applied on numerical models. 293 
Taking the 50 mm height circular and elliptical ring specimens as examples, Fig. 7 shows the temperature 294 
field distributions along the height direction in the concrete ring on the 14th day. It can be seen that the largest 295 
fictitious temperature drop occurs at the exposed top surface and the fictitious temperature drop decreased 296 
gradually along the height direction in the concrete rings. 297 
    298 
(a) Circular ring                             (b) Elliptical ring 299 
Fig. 7. Fictitious temperature fields on the 14th day for ring specimens with 50 mm tall (Unit: ℃). 300 
3.3 Determination of the position of the initial crack 301 
When the tensile stress in concrete is greater than the tensile strength, cracking will initiate. Thus, the 302 
initial crack position can be determined through the distribution of the tensile stress in concrete. In the case of 303 
drying from top and bottom surfaces, tensile stress is caused by both the non-uniform shrinkage along the 304 
height direction and the restraint from the inner steel ring. A structural analysis was carried out to calculate the 305 
distribution of tensile stress in concrete after applying the non-uniform temperature field to simulate the effect of 306 
the moisture gradient in the thermal analysis. The elastic module of concrete was reduced by 40% to 307 
characterize the creep effect of concrete [17, 35]. In addition, the section of the first crack usually locates 308 
randomly along the circumference in a circular ring specimen and near major axis in an elliptical ring 309 
specimen due to geometrical effect. Figs. 8(a) and (b) illustrate the cracks in the circular and elliptical 310 
ring specimens, respectively. The tensile stress distributions in cross-sections of circular and elliptical rings 311 
(randomly along the radial direction for the circular ring and along the major axis for the elliptical ring) were 312 
calculated and derived, as shown in Figs. 9(a) and (b), respectively.  313 
      314 
(a) Circular ring                                  (b) Elliptical ring 315 
Fig. 8. Cracks in circular and elliptical ring specimens with height of 50 mm. 316 
 317 
(a) Circular ring                                  (b) Elliptical ring 318 
Steel ring Concrete ring Steel ring Concrete ring 













Fig. 9. Stress contour along the cross-section of a 50 mm tall ring specimen on the 10th day (Unit: MPa). 319 
It can be seen, for both circular and elliptical rings, tensile stress distributions are hierarchical in intensity 320 
along the height directions. The tensile stress reaches the highest at the top surface and decreases along the 321 
height direction down to median surface of the ring specimen. At the bottom of a cross-section, i.e. at half the 322 
height of a concrete ring, tensile stress turns into compressive stress. In addition, in the case of the same 323 
height, tensile stress near the inner steel ring surface is the highest and the maximum tensile stress occurs at 324 
the top left corner of the cross-sections (red zone in Figs. 9(a) and (b)). Therefore, it can be predicted that the 325 
first crack occurs at the top left corner of cross-section for the circular and elliptical specimens. According to 326 
previous research [30], the crack will propagate throughout the whole radial section immediately after being 327 
subject to uniform shrinkage along the radial direction. Therefore, the conclusion can be drawn that the first 328 
crack will occur at the exposed surface for the circular and elliptical concrete ring specimens under drying from 329 
top and bottom surfaces. 330 
3.4 Crack propagation process 331 
After the initial crack position is determined, a pre-crack with 2 mm long was set on the exposed surface 332 
along the radial direction for a circular ring and along the major axis for an elliptical ring. At that moment, there 333 
are two potential crack propagation directions, i.e. the crack propagates from the exposed surface along the 334 
height direction or from the inner circumference along the radial direction or major axis direction. However, it 335 
should be noted that the fracture mechanisms for the two crack propagation directions are different. The crack 336 
propagation along the height direction is mainly caused by the non-uniform shrinkage from the moisture 337 
gradient in the concrete. In contrast, the crack propagation along the radial direction is mainly caused by the 338 
restraint shrinkage from the inner steel ring. In order to clarify the fracture mechanism in the circular/elliptical 339 
ring tests, it is significant to investigate the crack propagation process under drying from top and bottom 340 
surfaces of a restrained concrete ring. 341 
Firstly, it is assumed that the crack will propagate along the height direction. The fictitious temperature field 342 
derived from section 3.2 was applied to concrete and the cohesive stress was imposed on the initial crack. 343 
Corresponding to various ages, the differences in the SIFs at the tip of the initial crack caused by fictitious 344 
temperature field and by cohesive force, S
I IK K
 , were calculated from the 1st to 28th day. As an example, 345 
the results for circular and elliptical ring specimens with 50 mm tall are shown in Figs. 10(a) and (b), 346 
respectively.  347 
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 (a) Circular ring                                (b) Elliptical ring 349 
Fig. 10. S
I IK K
  at the tip of horizontal crack for the ring specimens with 50 mm tall. 350 
It can be seen from this figure that the difference of SIFs, S
I IK K
 , increases with age. The maximum  351 
S
I IK K
  occurs at the inner surface, and shows a slight descending trend along the radial direction. To 352 
determine the possibility of crack propagation along the height direction after crack initiation, the maximum 353 
values of S
I IK K
  along the radial direction at different ages for elliptical ring specimens are shown in Fig. 11. 354 
It can be seen that, the maximum of S
I IK K
  is less than the initial fracture toughness at each corresponding 355 
age (from 1 to 27 days), which indicates that the initial crack cannot propagate along the height direction under 356 
drying from top and bottom surfaces of a restrained concrete ring specimen. 357 
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(a) Circular ring                                (b) Elliptical ring 359 
Fig. 11 . Maximum S
I IK K
  at the tip of horizontal crack for three series of ring specimens. 360 
Following the latter result, the possibility of crack propagation from inner circumference along the radial 361 
direction will be investigated. In addition to the initial horizontal crack at the exposed surface along the radial 362 
direction, another vertical pre-crack was set at the inner circumference along the height direction. Figs. 12(a) 363 
and (b) show the values of S
I IK K
  at the tip of the vertical cracks from 1 to 27 days for the circular and 364 
elliptical rings with 50 mm tall.  365 
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  366 
(a) Circular ring                                (b) Elliptical ring 367 
Fig. 12. S
I IK K
  at the tip of vertical crack for 50 mm tall ring specimens. 368 
It can be seen from the figure that the maximum S
I IK K
  at the tip of the vertical crack occurs at the top 369 
of the vertical crack (see Point A in Fig. 13(a)). However, the value of S
I IK K
  corresponding to x = 10 mm in 370 
Fig. 12, i.e. near the inner circumference of concrete, significantly decreases along the height direction. It 371 
indicates that the crack cannot propagate completely along the cross-section from the inner to outer 372 
circumferences at the same age. Alternatively, it will propagate partly along the height direction and form a new 373 
horizontal penetrating crack until the vertical crack propagates throughout the whole cross-section. In order to 374 
investigate the whole crack propagation process, it was assumed that the Line AB (2 mm-long) of vertical crack 375 
(see Fig. 13(a)) will propagate to the outer surface (see Fig. 13(b)) when the average value of S
I IK K
  at 376 
points A and B exceeds the initial fracture toughness at the corresponding age. 377 
 378 
                 (a) Initial crack                           (b) Crack propagation path 379 
Fig. 13. Cross-section of 50 mm tall ring specimens. 380 
The average values of S
I IK K
  at points A and B were calculated from 1 to 27 days for three series of 381 
ring specimens, which are illustrated in Fig. 14. It can be seen that the predicted ages corresponding to the AB 382 
part of the vertical crack started to propagate along the radial direction are 18 days and 24 days for circular 383 
rings with 30 mm and 50 mm tall, and 15 days and 19 days for elliptical rings with 30 mm and 50 mm tall, 384 
respectively. In addition, for circular and elliptical ring specimens with 75 mm tall, the Line AB of the vertical 385 
crack did not propagate at all during the 27-day monitoring period.  386 
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(a) Circular ring                                (b) Elliptical ring 388 
Fig. 14. Average values of S
I IK K
  at points A and B. 389 
After the Line AB of the vertical crack propagates horizontally to the outer circumferential surface of 390 
concrete, a new model with a longer horizontal initial crack (i.e. Δ = 4 mm at that moment) was established (see 391 
Fig. 13(b)) to analyze whether the next 2 mm vertical crack, i.e. Line BC, can propagate continually. 392 
Accordingly, the variations of S
I IK K
  at different heights for circular and elliptical rings with 30 mm and 50 393 
mm tall are presented in Fig. 15.  394 
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 395 
(a) 30 mm tall circular ring                (b) 30 mm tall elliptical ring 396 
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 397 
(c) 50 mm tall circular ring                 (d) 50 mm tall elliptical ring 398 
Fig. 15. S
I IK K
  during crack propagation process. 399 
It should be noted that Figs. 15(a), (b) and (d) illustrate the relationship of S
I IK K
  and iniICK  400 
corresponding to the cracking age of Line AB. It can be seen that, after Line AB begins to propagate, the other 401 
vertical cracks with 2 mm length can propagate through their horizontal sections one by one until the whole 402 
crack section is formed. The scenario is slightly different in the case of a circular ring with 50 mm tall. The value 403 
of S
I IK K
  is less than iniICK  when the crack length is 14 mm, which indicates that the crack cannot 404 
propagate throughout the section at the age when Line AB begins to propagate, i.e. at 24th day. However, the 405 
crack can form completely at the next age, i.e. at 25th day. The comparison of cracking ages obtained from 406 
numerical simulation and experiment shows a reasonable agreement (see Table 2), which verifies the 407 
established numerical analysis in this study. 408 
Table 2. Cracking ages in days obtained from numerical simulation and experiment. 409 
Ring geometric profile 
Concrete ring height 
30 mm 50 mm 75 mm 
Exp. Num. Exp. Num. Exp. Num. 
Circular 19 18 24 25 -- -- 
Elliptical 14 15 21 19 -- -- 
 410 
4 Discussions 411 
4.1 The influence of assumption on uniform shrinkage 412 
It has been verified that the moisture gradient (consequently non-uniform shrinkage) along the height 413 
direction should be considered in analyzing the fracture process of ring specimens under drying from top and 414 
bottom surfaces. However, it should be noted that the moisture gradient is not significant as the specimen 415 
height decreases and the moisture can be regarded as uniformly distributed in the concrete ring. In this case, 416 
for the purpose of computational simplification, the uniform shrinkage assumption along the height direction is 417 
appropriate in the crack propagation analysis. It has been reported in previous research [21, 22] that the 418 
uniform shrinkage assumption along the height direction can be adopted approximately when the specimen 419 
height is 30 mm. However, it is not clear whether the assumption is still appropriate as the specimen height 420 
increases above 30 mm, e.g. 50 mm and 75 mm. In line with this, numerical analyses were conducted to 421 
investigate the fracture process of ring specimens with heights of 30 mm, 50 mm and 75 mm based on the 422 
assumption of uniform shrinkage. According to previous researches [15, 30], for a ring specimen subject to 423 
uniform shrinkage, the first cracking initiates at the inner circumference and propagates to the outer surface. 424 
Therefore, a 2mm long initial crack was set at the inner surface of the concrete ring, randomly along the radial 425 
direction for the circular ring specimen and along the major axis direction for the elliptical ring specimen. 426 
Meanwhile, following the uniform shrinkage assumption, specimen height only affects the ratio of the exposed 427 
area to volume (A/V), rather than the moisture gradient along the height direction. For ring specimens at each 428 
height, a prism with the same height was used to ensure the same A/V ratio. The uniform fictitious temperature 429 
field can be derived by dividing the free shrinkage strain of a two sides exposed prism specimen by the 430 
coefficient of thermal expansion of concrete (10×10
-6
/℃). Fig. 16 illustrates the fictitious temperature drop for 431 
ring specimens with three different heights from 1 day to 28 days.  432 





























 30 mm height
 50 mm height
 75 mm height
 433 
Fig. 16. Fictitious temperature drops based on uniform shrinkage assumption 434 
Under a uniform temperature field condition, the relationship between S
I IK K
  and iniICK  for circular and 435 
elliptical rings of three different heights are illustrated in Fig. 17(a) and (b), respectively. 436 
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(a) Circular ring                                 (b) Elliptical ring 438 
Fig. 17. S
I IK K
  at the tip of the initial crack under uniform shrinkage 439 
It can been seen that the elliptical and circular ring specimens with 30 mm tall cracked at ages of 17 and 440 
21 days, respectively, which were appropriately the same as under the condition considering non-uniform 441 
shrinkage along the height direction (i.e. 15 and 18 days). However, both circular and elliptical rings with the 442 
height of 50 mm did not crack during the age of 28 days under the uniform shrinkage assumption, which is 443 
obviously different from the experimental results. Therefore, for the ring specimens with 30 mm tall, the 444 
cracking age can be approximately predicted by neglecting the moisture gradient along the height direction 445 
under drying from top and bottom surfaces. In the case of 50 mm and 75 mm heights, the effect of the moisture 446 
gradient is significant enough that cannot be neglected. 447 
4.2 Quantitative analysis on the driving forces in crack propagation process: self-restraint vs. steel ring 448 
restraint 449 
In the restrained shrinkage ring test, the shrinkage of concrete is restrained and tensile stress occurs in 450 
concrete, thus, driving the potential crack initiation and propagation. Generally, the restraint of the concrete ring 451 
consists of two parts, the self-restraint caused by non-uniform shrinkage and the external restraint from the 452 
steel ring. For a 75 mm thick ring specimen under outer circumference surface drying, it has been proved that 453 
crack propagation is mainly driven by the self-restraint rather than by the external restraint from steel ring due 454 
to significant non-uniform shrinkage along the radial direction [16]. In the case of drying from top and bottom 455 
surfaces, although the non-uniform shrinkage is partly reduced due to moisture diffusion from the two 456 
symmetrical surfaces, the effect of the moisture gradient is still significant for the ring specimens with 50 mm 457 
and 75 mm tall. In section 4.1, the uniform shrinkage assumption has been verified to be inappropriate for taller 458 
concrete ring specimens by comparing with the experimental results. Therefore, it was necessary to 459 
quantitatively analyze the effect of self-restraint and external restraint on crack propagation process in ring 460 
tests under drying from top and bottom surfaces of a restrained concrete ring.  461 
It has been verified in this paper that the vertical cracks, e.g. Lines AB, BC… (see Fig. 13), will initiate and 462 
horizontally propagate to the outer circumference in turn until all vertical cracks propagate throughout the 463 
cross-section. Fig. 18 illustrates the SIFs of various vertical crack positions caused by self-restraint and steel 464 
restraint at the corresponding cracking age.  465 
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 466 
(a) Circular ring specimen with 30 mm tall       (b) Elliptical ring specimen with 30 mm tall 467 
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 468 
(c) Circular ring specimen with 50 mm tall      (d) Elliptical ring specimen with 50 mm tall 469 
Fig. 18. SIFs caused by self-restraint and steel ring restraint in crack propagation process corresponding to the 470 
cracking age. 471 
It can be seen that, for each series of specimens, the first crack initiation, i.e. Line AB, is caused by both 472 
self-restraint and external steel ring restraint, and the proportion of self-restraint is greater than steel ring 473 
restraint. With the increase of distance from the top surface, the effect of self-restraint decreases while the 474 
effect of steel ring restraint increases. It indicates that the fracture mechanism is different for the crack initiation 475 
and propagation at various heights. The moisture gradient is significant near the top surface of a concrete ring, 476 
so, the bending effect caused by the non-uniform shrinkage is remarkable. In this case, the crack driving force 477 
is from both self-restraint and steel ring restraint. In contrast, the moisture gradient is not obvious as the crack 478 
propagates near the middle height between the top and bottom surfaces. In this case, the bending effect 479 
caused by the non-uniform shrinkage is very small and can be neglected, so the crack driving force is mainly 480 
provided by the steel ring restraint.  481 
To study the component of the driving force at various heights, Fig. 19 illustrates the SIF ratio of S
I steelK  to 482 
S
IK . Here, 
S
I steelK  is the SIF caused by steel ring restraint, and 
S
IK  is the SIF caused by the total restraint 483 
including self-restraint and steel ring restraint. It can be seen that, as the vertical crack initiates from top to 484 
bottom, the ratios of S
I steelK  to 
S
IK  increase significantly. For circular and elliptical rings, the ratios do not 485 
present any obvious difference. However, compared with the concrete ring specimens of 30 mm tall, the 486 
proportion of self-restraint, i.e. the effect of the moisture gradient, becomes more significant for the specimen 487 
with 50 mm tall. This explains why uniform shrinkage assumption is inappropriate for a taller ring specimen 488 
under drying from its top and bottom surfaces. 489 
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 490 
Fig. 19. Ratios of S
I steelK  to 
S
IK for concrete ring specimens with 30 mm and 50 mm tall. 491 
5 Conclusions 492 
The purpose of this paper is to investigate the influence of non-uniform shrinkage along the height 493 
direction on the fracture mechanism in restrained shrinkage circular/elliptical ring test under drying from top 494 
and bottom surfaces. Three series of ring specimens with heights of 30 mm, 50 mm and 75 mm were tested 495 
under restrained shrinkage conditions until cracking occurred or to the age of 28 days whichever is longer. By 496 
introducing the fictitious temperature field to simulate the shrinkage effect of concrete, a numerical approach 497 
based on fracture mechanics was developed to analyze the crack initiation and propagation process. Based on 498 
the experimental and numerical investigations, the following conclusions can be drawn: 499 
(a) Under drying from top and bottom surfaces, cracking ages of elliptical ring specimens with 30 mm and 50 500 
mm tall were 5 days and 3 days shorter than their counterpart circular ones, respectively. Although circular 501 
and elliptical ring specimens with 75 mm tall did not crack during the 28-day testing period, numerical 502 
results indicate that the elliptical ring geometric profile can provide greater values of S
I IK K
  than the 503 
circular ring geometry profile. Therefore, the elliptical geometric profile can effective increase the 504 
restraining effect to shorten the cracking age of concrete and accelerate the process of restrained 505 
shrinkage test.  506 
(b) The numerical method was verified by comparing the predicted cracking ages with those measured in 507 
experiment, showing a reasonable agreement. Based on the numerical analysis, under drying from top and 508 
bottom surfaces, the crack initiates partly at the inner circumference of the concrete ring and propagates 509 
along the radial direction. The fracture process is repeated until the crack propagates throughout the 510 
cross-section. For the circular and elliptical ring specimens with 30 mm and 50 mm heights, the cracks 511 
could form completely once the first crack initiated or in a very short period (about 1 day) after the first 512 
crack initiated.  513 
(c) Under drying from top and bottom surfaces, the moisture gradient along the height direction had a 514 
significant effect on the fracture process of the concrete ring. The driving force of crack propagation was 515 
dominated by both moisture gradient and steel restraint when the crack initiates near the exposed surface 516 
of the ring specimen. With the increase of distance from the exposed surface, the effect of the steel ring 517 
restraint increased and the moisture gradient decreased. When the crack initiated near the middle height of 518 
top and bottom surfaces, the fracture process was mainly dominated by the steel ring restraint. 519 
(d) For the ring specimens with 30 mm tall, the assumption of uniform shrinkage along the height direction can 520 
be approximately used to predict the cracking age, which is in a reasonable agreement with the results 521 
considering the non-uniform shrinkage. In the case of 50 mm height, the predicted cracking age based on 522 
the uniform shrinkage assumption is obviously different from the results based on the non-uniform 523 
shrinkage and the results from the experiment as well. However, it should be noted that, although the 524 
predicted cracking ages are similar based on the two assumptions, the fracture mechanisms are invariably 525 
different. In the assumption of uniform shrinkage, the contribution of non-uniform shrinkage on the driving 526 
force of crack propagation is not considered in the fracture analysis.  527 
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